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Abstract
We introduce a test of the rank invariance or rank similarity assumption common in
treatment effects and instrumental variables models. The test probes the implication
that the conditional distribution of ranks should be identical across treatment states
using a regression-based test statistic. We apply the test to data from the Tennessee
STAR class-size reduction experiment and JTPA job training program. We show that
systematic slippages in rank can be important statistically and economically. We also
illustrate the power of the rank similarity assumption for estimating and bounding
structural parameters of interest in settings in which this assumption is plausible.
Keywords: instrumental variables, quantile regression, partial identification, treatment effects, nonseparable models
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Introduction

Many recent developments in econometric theory concern the importance of treatment effect
heterogeneity. Heterogeneity matters for the policy relevance and interpretation of treatment effects: a treatment which is beneficial on average may nevertheless inflict substantial
harm, depending on how subjects differ in their response to the treatment. Treatment effect
heterogeneity also matters for econometric identification of structural (causal) parameters.
When individuals’ relative ranks across treatment states are preserved, population—as opposed to local—average treatment effects (ATE) are identified and models restricting to
scalar outcome disturbances are justified. Finally, characterizing treatment effect heterogeneity provides insights regarding the economics surrounding individuals’ selection into
treatment.
Generally researchers observe a subject in only one treatment state. Consequently, in
order to characterize the heterogeneity of treatment effects, researchers must make some
∗
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assumption about a subject’s rank in counterfactual distributions. A common benchmark is
to assume rank invariance, which in the case of a binary treatment implies that the subject’s
rank is the same in both the treated and control distributions. Under this assumption, the
distribution of treatment effects is identified and quantile treatment effects can be interpreted as effects on individuals at given points of the distribution. Furthermore, researchers
can also identify an intervention’s ATE even in the absence of perfect compliance to the
instrument, where otherwise only a local average treatment effect (LATE) may be identified.
There is generally little reason to believe, however, that rank invariance holds. A generalization, rank similarity, requires only the conditional distribution of ranks—not the ranks
themselves—to be identical in all treatment states, conditional on factors influencing treatment status (Chernozhukov and Hansen, 2005). This weaker assumption loses the ability
to point identify the distribution of treatment effects, but it preserves the ability to identify
ATE and population quantile treatment effects. Even the weaker rank similarity condition
may be implausible in many settings, however, and deserves scrutiny. For example, it rules
out the possibility that individuals use private information on comparative advantage when
selecting into (or out of) treatment.
We propose a method for examining rank similarity and, by extension, its stronger version, rank invariance. We develop the test in a setting with a binary treatment that is
either exogenously assigned, or partially determined by an instrument satisfying standard
conditions, but note that it generalizes in a straightforward way to multivalued (including continuous) treatments. The test consists of comparing the estimated distribution of
treated and control ranks, conditional on some observed variable S, using a regression-based
statistic. S is taken to be a pre-determined variable in addition to any covariates X required for identification. Under rank invariance or similarity, the treated and control ranks
will have identical distributions conditional on S and the test statistic has a well-known
limiting distribution, while under violations the distributions will diverge, provided S is
related to outcomes. For example, consider the case of a randomized job training program
with perfect compliance. One might suspect that prior earnings—a candidate S variable—
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is correlated with outcomes in the absence of treatment. Consequently, the distribution of
ranks for control subjects with high prior earnings should have higher mass in the top of the
distribution. If the treated and control distributions exhibit rank similarity with respect to
prior earnings, the distribution of ranks for treated subjects with high prior earnings should
be shifted in precisely the same way.
A failure to reject may justify rank similarity or invariance assumptions and the additional identification power they garner. For example, Chernozhukov and Hansen’s (2005)
estimator leverages rank similarity to identify ATE; imposing the special case of rank invariance further identifies the treatment effect on individuals at each quantile of distribution, as
well as the distribution of treatment effects. Rank invariance also justifies classes of models
with scalar outcome disturbances (Newey and Powell, 2003; Chesher, 2005; Chernozhukov,
Imbens, and Newey, 2007).
Our test for rank similarity can also be used to motivate partially identifying restrictions
for sharpening bounds on the distribution of treatment effects, something of a holy grail
in program evaluation. For example, rank similarity’s testable restrictions imply those of
rank exchangeability and stochastic increasingness, assumptions which allow researchers to
tighten bounds on the fraction of individuals harmed by treatment, and other features of
the distribution of treatment effects (Frandsen and Lefgren, 2015).
Rejecting rank similarity is also potentially interesting. First, the testing procedure
itself shows which groups have comparative advantage under the treatment. For example,
finding that conditional on low levels of education treated ranks are shifted up relative to
untreated ranks implies that the intervention benefits less-educated individuals relative to
the more-educated. Second, a rejection implies that at a minimum the testing variable S
should be included as a control if researchers nevertheless want to impose rank similarity.
Our paper complements the literature on treatment effects, nonseparable models, and
quantile instrumental variables models. The notion of rank invariance in treatment effects
was introduced by Doksum (1974), who used the idea of an underlying “proneness” to
interpret effects on different quantiles of the outcome distribution (see also Lehmann, 1975;
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Imbens and Wooldridge, 2009). Heckman et al. (1997) consider rank invariance (perfect
positive dependence) as an extreme case to obtain bounds on the joint distribution of
potential outcomes. In the nonparametric IV literature, the assumption that the outcome
is monotonic in a scalar disturbance—separable or nonseparable—imposes rank invariance.
For example, Newey and Powell’s (2003) nonparametric instrumental variables model relies
on a rank invariance assumption in the form of a scalar separable outcome disturbance for
identification, as do Chesher (2005), Athey and Imbens (2006) and Chernozhukov, Imbens,
and Newey (2007), but with a nonseparable outcome disturbance. The IV quantile model
of Chernozhukov and Hansen (2005, 2008) imposes rank similarity for identification of
average treatment effects and rank invariance for interpretation of quantile treatment effects.
Finally, Imbens and Newey’s (2009) nonseparable triangular model achieves identification
for a general non-scalar outcome disturbance, but introduces rank invariance in the form of
a scalar outcome disturbance for interpretation of the estimates. Our paper builds on this
literature by introducing a test of the assumptions needed for identification or interpretation
in these models.
The intuition for our testing procedure is similar to Bitler et al.’s (2005) idea for testing
for rank reversals using pre-determined covariates in the context of an exogenous treatment.
Their method examines whether individuals at a given quartile in the control distribution exhibit similar pre-treatment characteristics to individuals at the corresponding quartile of the
treatment distribution. Our method builds on their work by generalizing to endogenous or
multi-valued treatments. In concurrent work, Dong and Shen (2015) develop a test for rank
similarity based on a similar framework. Our paper complements theirs in three primary
ways. First, their test relies on the assumption of monotonicity in the relationship between
the instrument and treatment to calculate ranks in the treated and untreated distributions
of complier ranks. In contrast, we set up our test in a quite general estimation framework
which can include monotonicity as a special case when that assumption is appropriate, but
need not impose it when it is not. Second, our instrumental variables estimation-based
test is directly informative about the magnitude and nature of any deviations from rank
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similarity, while the reduced-form test of Dong and Shen is not. Third, we show how the
test motivates partially identifying restrictions on the distribution of treatment effects.
In the remainder of this paper we describe our econometric framework and define rank
similarity and specify our test in a setting with an exogenous treatment. We then generalize our test to consider cases where treatment is endogenous but where an instrument
is available. We illustrate the finite-sample size and power of the test using Monte Carlo
simulations. We conclude with two empirical applications in which we examine the effect
of class size on student achievement and job training on wages.

2

Econometric Framework and Test Procedures

Consider the standard treatment effects framework with a binary treatment. The test we
develop can be generalized to multi-valued (including continuous) treatments. A binary
treatment, D, potentially affects a continuously distributed outcome Y . Let Y (1) and
Y (0) be potential outcomes with and without treatment, with cdfs F1 and F0 . The observed
outcome is Y = Y (D). In addition to outcomes and treatment, we observe a q-vector of
pre-treatment variables S and, in the case of an endogenous treatment, an instrumental
variable Z. The pre-treatment variables S are in addition to any covariates X required for
identification, which we suppress for clarity’s sake. All results below can be taken to hold
conditional on X.
Define an individual’s rank in the untreated and treated distributions to be, respectively:

U (0) : = F0 (Y (0))
U (1) : = F1 (Y (1)) .

The marginal distributions of U (0) and U (1) are, as a consequence of the Skorokhod

5

representation of Y (0) and Y (1), uniform:

U (0) ∼ U (0, 1)
U (1) ∼ U (0, 1) .

Rank invariance and rank similarity restrict the relationship between U (0) and U (1). The
stricter notion, rank invariance, is defined as follows:
Definition 1 (Rank Invariance) A treatment exhibits rank invariance if and only if U (0) =
U (1) almost surely.
Rank invariance means an individual of a given rank in the control distribution would
have the same rank in the treated distribution. It implies that individuals with the same
control outcome would have responded identically to treatment, as noted by Doksum (1974).
While this is restrictive, it is imposed by models with scalar outcome disturbances (Newey
and Powell, 2003; Chesher, 2005; Athey and Imbens, 2006; Chernozhukov, Imbens, and
Newey, 2007).
A generalization of rank invariance that captures a similar notion is rank similarity,
introduced by Chernozhukov and Hansen (2005):
Definition 2 (Rank Similarity) A treatment exhibits rank similarity with respect to S if
and only if conditional on S = s, U (0) and U (1) are identically distributed for each s in
the support of S.
Rank similarity means a subpopulation (defined by S = s) will have the same distribution of ranks across treatment states. Rank similarity only has meaning with respect
to some “rank-shifting” variable S, since unconditionally U (0) and U (1) have identical
distributions by definition. Figure 1 illustrates the concept of rank similarity graphically.
The left panel shows that potential ranks are uniformly distributed marginally. The middle
and right panels illustrate that the conditional distribution of potential ranks may not be
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uniform if S predicts ranks. The middle column shows that under rank similarity U (0) and
U (1) are identically distributed conditional on S, while the right panel shows that when
rank similarity is violated, the conditional distributions of U (0) and U (1) will differ. Note
that rank invariance implies rank similarity, and can be seen as the special case of rank
similarity where S is itself U (0) or Y (0). The rank shifting variable S plays a crucial role
in the testability of this restriction; it obviates the need for knowledge of or assumptions
about the joint distribution of potential outcomes (Y (0) , Y (1)) required in prior work on
treatment effect heterogeneity (Heckman et al., 1997).
Rank similarity, and by extension rank invariance, imposes testable restrictions on observed data, provided the distributions of potential outcomes are identified. Intuitively, it
means that conditional on S, treatment status has no effect on the distribution of ranks.
The proposed test directly examines this implication via the following procedure:
1. Estimate potential outcome cdfs F̂0 and F̂1 ;
2. Construct sample ranks

Ûi = (1 − Di ) F̂0 (Yi ) + Di F̂1 (Yi ) ;

(1)

3. Estimate the following specification:
Ûi = α0 + α1 Di + Si0 α2 + Di Si0 δ + εi ;

(2)

4. Test the hypothesis
0


H0 : δ =

0 ···

0

using the test statistic

−1
ˆ = nθ̂0 h h0 V̂ h
∆
h0 θ̂,

(3)

where n is the sample size, θ̂ is an appropriate estimator (OLS, quantile regression,
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or instrumental variables) for specification (2), h is the selection matrix
0


h=

0q×q+2 Iq

,

and V̂ is the estimated asymptotic variance-covariance matrix of θ̂.
As shown below, under the null hypothesis of rank similarity the test statistic converges
asymptotically to a χ2 random variable with q degrees of freedom. Since the Ûi s are constructed conditional on Di , they are normalized within each treatment category. Therefore,
α1 is not a free parameter in regression (2), and so is not included in the test statistic. Note
that in the special case of a scalar rank shifter (q = 1), this test is asymptotically equivalent
to a standard t-test on the interaction of Di and Si .
The regression-based procedure allows testing violations of similarity for any feature
of the rank distribution. To test for differences in the conditional expectation, equation
(2) can estimate using mean regression or instrumental variables estimators for average
treatment effects. To test for differences in other parts of the distribution, equation (2)
can be estimated using quantile regression or instrumental quantile methods for a range of
quantile indices τ . In this way the proposed test maintains power against any departure
from rank similarity.
Note that the testing procedure does not require equation (2) to correspond to a correctly
specified conditional mean or conditional quantile function. Least-squares and quantile
regression estimators are well known to converge to a population quantity that linearly
approximates the underlying conditional mean or quantile functions (White, 1980; Angrist
et al., 2006). Under the null hypothesis of rank similarity, those population quantities will
be identical for U (0) and U (1). The δ parameter in equation (2), which corresponds to
the treatment-control difference in those population quantities will therefore be zero even
under misspecification.
The choice of estimators for F̂0 , F̂1 , and specification (2) depends on the specific empirical setting. For exogenously assigned treatments, empirical cdfs and ordinary least
8

squares estimators suffice; settings with endogenous treatments require instrumental variables methods. The following subsections specify the details of the test for these two cases
in turn.

2.1

Unconfounded treatment

First, consider the case where treatment is as good as randomly assigned:
Condition 3 (Treatment Unconfoundedness) (Y (0) , Y (1)) are jointly independent of
D.
Under this condition, the marginal distributions of potential outcomes are identified by
the conditional empirical distribution functions:
Pn

F̂0 (y) =
F̂1 (y) =

1 (Yi ≤ y) (1 −
i=1P
n
i=1 (1 − Di )
Pn
1 (Yi ≤ y) Di
i=1P
.
n
i=1 Di

Di )

,

Sample ranks Ûi are constructed from these estimators via (1), and specification (2) can be
estimated via ordinary least squares:
−1

θ̂ = W 0 W

W 0 Û ,

or quantile regression:
θ̂ = arg min
θ

n
X



ρτ Ûi − Wi0 θ

i=1

where W is a matrix of observations on Wi0 :=




1 Di

Si0

Di Si0

and ρτ is the asym-

metric loss “check” function.

2.2

Endogenous treatment

Now suppose treatment status Di is possibly confounded, but there exists an exogenous instrument Zi ; for example, randomized treatment assignment. Let potential treatment status
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as a function of the instrument be D (0) and D (1). We assume the standard conditions for
a valid instrument:
Condition 4 (Instrument Validity) (Y (0) , Y (1) , D (0) , D (1)) are jointly independent
of Z; and E [D|Z = 1] > E [D|Z = 0] .
Condition 4 and the assumptions implicit in the potential outcomes notation correspond
to the usual exclusion and relevance conditions. Under this condition and rank similarity
the marginal distributions of potential outcomes are identified (Chernozhukov and Hansen,
2005). If rank similarity is replaced by a monotonicity condition on the response of treatment status to the instrument, the marginal distributions of potential outcomes among
the subpopulation that responds to the instrument—compliers—are identified (Imbens and
Angrist, 1994).
Implementing the test in a setting with an endogenous treatment requires instrumental
variables estimation of F̂0 , F̂1 , and regression specification (2). This can be done in at
least two ways, depending on which assumptions are appropriate for the specific empirical
setting. The first is Chernozhukov and Hansen’s (2006) quantile instrumental variables estimator. Given Condition 4 this approach is valid under the null hypothesis of rank similarity,
and leads to a test of asymptotically correct size. The cdfs F1 and F0 can be estimated
by inverting estimates of the quantiles of Yi (1) and Yi (0) obtained via Chernozhukov and
Hansen’s (2006) instrumental variables quantile regression procedure. The resulting estimates F̂1 and F̂0 then can be used to construct the sample ranks Ûi via (1). The test


0
on Ûi , which
consists of estimating the effect of the vector Wi :=
1 Di Si0 Di Si0
can be done for a particular quantile (say, the median), or integrated over all quantiles for
the mean effect.
The second method is Abadie’s (2003) κ-weighted least squares estimator. Given Condition 4, this approach is valid when treatment status can be assumed to respond monotonically to the instrument almost surely. A procedure based on this approach then tests rank
similarity among the subpopulation of compliers. Rank invariance (and rank similarity as
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imposed in Chernozhukov and Hansen (2005)) implies rank similarity among compliers, so
a test based on this approach has asymptotically correct size. Using this approach, the cdfs
F1 and F0 can be estimated directly by weighted least squares estimation of the effect of
Di on 1 (Yi ≤ y) Di (for F1 (y)) and the effect of (1 − Di ) on 1 (Yi ≤ y) (1 − Di ) (for F0 (y)),
using Abadie’s κ as weights:

κi = 1 −

Di (1 − Zi ) (1 − Di ) Zi
−
.
Pr (Zi = 0) Pr (Zi = 1)

(4)

The resulting estimates F̂1 and F̂0 then can be used to construct the sample ranks Ûi via
(1). The test is then carried out by weighted regression of Ûi on the vector Wi .

3

Asymptotic Theory

The test statistics are based on consistent, asymptotically normal estimators, and thus have
straightforward limiting distributions under standard regularity conditions. Critical values
and p-values can then be calculated by consistent estimation of the limiting distribution,
or by simulation methods. The test may be based on a variety initial estimators for the
potential outcome cdfs F0 and F1 and the rank regression (2), depending on whether Di
is endogenous and (under endogeneity) which instrumental variables assumptions are most
appropriate in the particular setting (e.g., monotonicity). The result below establishes the
limiting distribution given general uniformly consistent asymptotically normal estimators
for the potential outcome cdfs and the rank regressions. Leading examples include ordinary least squares, the Abadie (2003) IV estimator, and Chernozhukov and Hansen (2005)
discussed in the previous section.
ˆ depends in general on
The limiting distribution of θ̂, and hence of the test statistic ∆,


the first-step estimators F̂0 , F̂1 , which can be viewed as infinite-dimensional nuisance parameters. The result here adopts the framework of Newey (1994) and Newey and McFadden
(1994) for taking into account the first-step estimation in the final limiting distribution. The
correction for the first step consists of an adjustment term added to the limiting variance-
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covariance matrix, but the final estimator θ̂ continues to be consistent and asymptotically
normal under regularity conditions. The test statistic (3), therefore, as a quadratic form
in an asymptotically normal estimator, converges to a χ2 random variable, as the following
theorem establishes.
Theorem 5 Let the vector of observed data be Ti0 = (Yi , Wi0 , Zi ) with joint distribution P0 ,




0
where Wi := 1 Di Si0 Di Si0 . Suppose (i) F̂0 , F̂1 are uniformly consistent asymp
√ 
Gd (0, σd (y, y 0 ))
totically normal estimators for (F0 , F1 ) such that n F̂d (y) − Fd (y)
for d ∈ {0, 1}, where G0 and G1 are independent Gaussian processes, and where
denotes


Pn
uniform convergence as a process indexed by y; (ii) θ̂ satisfies
i=1 m Ti , θ̂, F̂ /n = 0
∂
∂θ E

with E [km (Ti , θ0 , F )k] < ∞ and M :=

[m (Ti , θ, F )] |θ=θ0 nonsingular; and (iii) as-

ˆ has the following
sumptions A1-A6 in the Appendix are satisfied. Then the test statistic ∆
limiting distribution:
−1

ˆ = nθ̂0 h h0 V̂ h
∆
h0 θ̂
→ χ2 (q) ,
d

where V̂ is a consistent estimator of V = M −1 ΩM −10 , and Ω is the limiting varianceP
√
covariance matrix of ni=1 (m (Ti , θ0 , F ) + α (Ti )) / n, and α (Ti ) is defined in the appendix.
The result guarantees that the test will have asymptotically correct size. The test’s
power derives from differences in the conditional distribution of ranks across treatment
states under alternatives to rank similarity. If these differences lead to shifts in the mean or
other features of the distribution captured in specification (2), then h0 θ will have nonzero
elements, and the test’s power will depend on the corresponding noncentral χ2 distribution.
Note that the limiting distribution here is derived without assuming iid data, to accommodate applications with clustered sampling or other dependence structures.
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4

Test Implications

Having outlined our method for testing for rank similarity, it is helpful to discuss the
implications both of a rejection of the null of rank similarity as well as a failure to reject. If
the test rejects rank similarity with respect to S, researchers may want to exercise caution
in using models that impose rank similarity, or its stronger version, rank invariance, since a
failure of rank similarity to hold with respect to observables may make it less plausible that
it holds with respect to unobservables. The rejection would also affect the interpretation
of the estimates from quantile regression and quantile IV estimates. In particular, the
coefficients could not be interpreted as effects on individuals at particular points in the
control distribution.
However, a failure of rank similarity with respect to S does not preclude rank similarity conditional on S with respect to unobserved factors, although as we mentioned above,
conditional rank similarity may be less compelling if the test rejects. If researchers nevertheless found conditional rank similarity plausible, our test can be used to determine the set
of covariates which must be conditioned upon in order to employ methods relying on rank
similarity. For example, rank similarity may not hold with respect to gender even though
it holds with respect to other variables of interest. In this case, instead of rejecting rank
similarity altogether, researchers might simply wish to condition upon gender or perform
their analysis separately by gender.
When our test fails to reject, researchers can leverage the assumption of rank similarity,
and related assumptions, to employ a variety of very useful empirical methods. For example,
one can employ the quantile IV methods developed by Chernozhukov and Hansen (2005).
This allows researchers to employ IV methods in the absence of monotonicity. Researchers
can also identify the effect of treatment on the quantiles of the distribution of outcomes not
only for compliers but for the entire population. Consequently, researchers can identify the
ATE in addition to the LATE.
A failure to reject rank similarity may also provide researchers with a justification to
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impose a variety of related assumptions. In particular, rank invariance is a special case of
rank similarity. If researchers are willing to impose this assumption, then quantile methods
identify not only the effect of treatment on the distribution of outcomes but also individuallevel treatment effects. For example, a median regression yields not only the effect of
treatment on the median outcome but also yields the effect of treatment for individuals
who are at the median of the control distribution. Researchers can also employ the models
with scalar outcome disturbances (Newey and Powell, 2003; Chesher, 2005; Chernozhukov,
Imbens, and Newey, 2007).
Even when rank similarity is justified by the test, however, one may not want to go as
far as imposing rank invariance. A weaker assumption that is also justified by the rank similarity test is weak stochastic increasingness between ranks. This assumption, introduced in
Frandsen and Lefgren (2015), means U (0) and U (1) are each weakly stochastically increasing in the other. It includes rank invariance and rank independence as special cases, and has
the testable restriction that U (0) and U (1) are shifted in the same direction by observed
variables S. This restriction is implied by rank similarity, and thus the rank similarity test
we develop here can be interpreted as a particularly strict test of stochastic increasingness,
since it requires that potential ranks be shifted in not only the same direction, but by the
same magnitude. The test for stochastic increasingness in Frandsen and Lefgren (2015)
does not require this restriction.
Rank similarity also motivates the related assumption of rank exchangeability. Rank
exchangeability means the joint distribution of U (0) and U (1) is symmetric, and (when
combined with weak stochastic increasingness) has the same testable restriction as rank
similarity that U (0) and U (1) are shifted identically in distribution by observed variables
S. As a result, the rank similarity test can serve also as a joint test of exchangeability and
weak stochastic increasingness.

4.1

Bounds on the Treatment Effect Distribution

Frandsen and Lefgren (2015) demonstrate that the assumptions of stochastic increasing-
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ness and exchangeability are useful for bounding features of the distribution of treatment
effects. Stochastic increasingness implies bounds on the distribution of treatment effects
conditional on Y (0) and S. Specifically, Pr (Y (1) − Y (0) ≤ t|Y (0) , S) can be sharply
bounded between estimable functions F L (t|Y (0) , S) and F U (t|Y (0) , S) . The expressions
for these bounds given in Frandsen and Lefgren (2015) simplify to the following under rank
similarity:

F L (t|Y (0) , S) :=





0

, F1 (Y (0) + t) < U (0)




FU |S (F1 (Y (0)+t)|S)−FU |S (U (0)|S)
1−FU |S (U (0)|S)

, F1 (Y (0) + t) ≥ U (0)

(5)

and from above by

U

F (t|Y (0) , S) :=





FU |S (F1 (Y (0)+t)|S)
FU |S (U (0)|S)

, F1 (Y (0) + t) ≤ U (0)




1

, F1 (Y (0) + t) ≥ U (0)

,

(6)

where FU |S is the cdf of ranks conditional on S. These pointwise bounds can be integrated
to obtain bounds on the overall distribution of treatment effects to obtain bounds on, for
example, the fraction of individuals hurt by treatment. The examples below show these
bounds can be substantially tighter than the classical bounds based on Frechet-Hoeffding
limits in Williamson and Downs (1990). Frandsen and Lefgren (2015) show that the assumption of rank exchageability can further tighten bounds on the overall distribution of
treatment effects in certain cases.

5

Monte Carlo Simulations

5.1

Finite-sample size and power of the rank similarity test

The asymptotic theory implies that for sufficiently large samples the proposed testing procedures will have approximately correct size. This section shows that the tests also have
good size and power properties in finite samples.
The simulations generate iid samples of size n from the following data generating pro15


cess. An observed rank-shifting variable is generated as Si ∼ N 0, σS2 . The untreated

potential outcome is generated as Yi (0) = βSi + εi , where εi ∼ N 0, σε2 , independently of
Si . For fixed σS2 and σε2 , β parameterizes the informativeness of the rank-shifting variable
Si . The treated potential outcome is constructed as Yi (1) = (1 − ω) Yi (0) + ωηi , where

ηi ∼ N 0, ση2 independently of Si and εi and ω ∈ [0, 1]. The parameter ω controls the
degree of departure from rank invariance (or similarity). The special case ω = 0 corresponds
to rank invariance, while ω = 1 corresponds to a setting where one’s treated rank is orthogonal to one’s untreated rank. The instrument Zi is assigned as in a totally randomized
experiment where half of the subjects are assigned Zi = 0 and the other half are assigned
Zi = 1, independently of (Si , εi , ηi ). Treatment status exhibits negative selection: potential


treatment status for Zi = z is Di (z) = 1 (ρYi (0) + ζi ≤ γ (z − 1/2)), where ζi ∼ N 0, σζ2
independently of (Si , εi , ηi , Zi ), γ is a constant that governs the strength of the instrument,
and ρ ∈ [0, 1]. The special case of ρ = 0 corresponds to an exogenous treatment. In this
setup, the local average treatment effect (LATE) is equal to zero, as is the average treatment
effect (ATE). Unless stated otherwise, the simulations set n = 1, 000, σS2 = .5, β = .75,
σε2 = .75, ση2 = 1, ρ = 0, σζ2 = 1, and γ = 3.
The first set of simulations examines the finite-sample size of the test for sample sizes
ranging from n = 100 to n = 1, 000 for an exogenous and endogenous treatment. The
degree of departure from rank invariance or rank similarity is naturally set at ω = 0. The
degree of endogeneity is set at ρ = 0 for the exogenous treatment and ρ = .3 for the
endogenous treatment. The simulations show that even for relatively small sample sizes
the test maintains accurate size under both exogeneity and endogeneity. Figure 2 plots the
simulated rejection rate for tests of nominal size α = .05 by sample size. The rejection rate
hovers around five percent over the entire range.
The next set of simulations explores the test’s power to detect departures from rank
invariance or similarity. The simulations vary the degree of departure between ω = 0 and
ω = 1. The simulations show that the rejection probability increases rapidly as a function of
the degree of departure from rank invariance or rank similarity. Figure 3 plots the simulated

16

rejection rates by ω for tests of nominal size α = .05. At the far left of the plot, where
ω = 0, the rejection rate is approximately .05, indicating correct size. As violations of rank
invariance are introduced, however, the rejection rate increases steeply. The test rejects 75
percent of the time when ω = .5 and essentially 100 percent of the time when ω = 1.
The next set of simulations examines the test’s power when the sample size ranges from
n = 100 to n = 1, 000. The degree of departure from rank invariance is set at ω = .75.
The simulations show the test is lower-powered for small sample sizes, but has excellent
power for sample sizes common in empirical analysis. Figure 4 plots the simulated rejection
rates by n for tests of nominal size α = .05. The rejection rate is about 40 percent for the
smallest sample size of n = 100, but increases to over 99 percent for n = 1, 000.
The next set of simulations examines how the test’s power varies with the informativeness of the rank-shifting variable Si . The simulations vary the β parameter from zero to
one, corresponding to an R2 between the control outcome and Si of 0 to .3. The degree of
departure from rank invariance is set at ω = .75. The simulations show the test’s power
depends heavily on the informativeness of the rank-shifting variable. Figure 5 plots the
simulated rejection rates by R2 for tests of nominal size α = .05. The rejection rate is
.05 when Si is completely uninformative, but reaches essentially 100 percent when the R2
reaches .3.
The final set of simulations shows how the strength of the instrument affects the test’s
power. The simulations vary the instrument strength parameter from γ = 0 to γ = 6,
corresponding to compliance rates from zero to 100 percent. The simulations show the
test’s power increases substantially with the strength of the instrument. Figure 6 plots
simulated rejection rates by instrument strength as measured by compliance rate for tests
of nominal size α = .05. The figure shows the power is near the size for a completely weak
instrument, and thus the test is essentially uninformative, as expected. Power increases significantly, however, as the instrument becomes stronger, and reaches essentially 100 percent
for compliance rates near 100 percent.
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6

Empirical Examples

6.1

Class Size and Student Achievement

In our first example, we test for rank similarity in the context of the Project STAR class size
reduction experiment. Starting in 1985, the state of Tennessee randomized kindergarten
students either into small classes of 13 to 17 students or into larger classes of 22 to 25
students. Some larger classrooms were randomly assigned a teacher’s aide. Given the
importance of the question and strength of the research design, data from this study have
been analyzed many times. These studies include works by Folger and Breda (1989), Finn
and Achilles (1990), Word et al. (1990) and Krueger (1999).
For this analysis, we consider only the effect of assignment to a small class. Prior
research (e.g. Krueger, 1999) suggests the impact of an aide was minimal. We restrict our
sample to students whose assignment occurred in kindergarten and were still in the sample
at the end of first grade. This includes 1,368 treated students and 3,040 control students.
We examine math performance at the end of first grade. On average, students assigned to
the smaller classes performed 0.20 standard deviations better than students assigned to the
larger classes. This positive effect is statistically significant at the 1 percent level.
To test for rank similarity, we compute math performance rank in both the treatment
and control groups. Because we do not observe math performance prior to classroom assignment, we choose eligibility for free lunch in kindergarten as our rank shifting variable,
S. Figure 7 shows how the distribution of ranks in the control distribution varies according
to whether subjects were eligible (lower income) or ineligible (higher income) for free lunch.
The density of ranks is shifted clearly to the right for control subjects with higher family
income relative to subjects with lower family income.
We now examine the distributions of ranks in the treated and control distributions for
different income levels. In Figure 8, we compare the distribution of ranks for treated and
untreated subjects who had lower family incomes. Figure 9 represents the corresponding
figure for subjects who had higher family incomes. Under the null hypothesis of rank
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similarity, we expect the rank distributions between treated and control observations to be
similar in both figures. Examining the rank distributions of students who had lower family
incomes, we see that the bottom of the distribution has less mass in the treatment group
relative to the control group. Similarly, if we examine the rank distribution of students
with higher family incomes, the bottom of the distribution has more mass in the treatment
group than the control group. This suggests that treatment may have been more efficacious
for struggling students with low incomes than for struggling students with higher incomes.
This visual evidence suggests that the assumption of rank similarity may be unfounded.
To test more formally for rank similarity and establish the power of the rank shifter, we
estimate regression specification (2) via ordinary least squares:

Ûi = α0 + α1 Di + α2 Si + δSi Di + εi

Table 1 shows the results of this estimation. We see that the estimate for α2 is −0.208,
which implies that students who are eligible for free lunch are located nearly 21 percentage
points lower in the control distribution than students who are ineligible for free lunch.
This is highly significant and together with Figure 7 suggests that our rank shifter has
strong power. The estimate for δ is 0.054 and statistically significant at the 1 percent level
suggesting that the rank disadvantage of being from a low income family is smaller in the
treatment group than in the control group. This test suggests that we should reject the
null hypothesis of rank similarity.

6.2

Job Training Program and Earnings

In our second empirical example we examine the National Job Training Partnership Act
(JTPA) Study. This study was funded by the U.S. Department of Labor to evaluate the
extent to which programs funded by the Job Training Partnership Act of 1982 improved
employment outcomes among participants. The act funded both private and public entities
to provide a variety of services including classroom instruction in occupational skills, job
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search assistance, and on-the-job training. While the program was first funded in 1983, the
analysis sample came from training that was provided between 1987 and 1989. Published
estimates of the impact of the estimated impacts of the JTPA can be found in Bloom et al.
(1997).
This example is particularly interesting from a methodological perspective. Participation in a program was not directly controlled by the research design; rather, subjects were
randomly assigned eligibility, but could choose whether to take up treatment. Thus, this
example illustrates the test in a setting with imperfect compliance where instrumental variables methods are required. Since the test suggests rank similarity is plausible here (as
we shall see) it also highlights the additional identifying power rank similarity and related
assumptions garner.
We include in our analysis sample 4,337 adult men with non-missing prior year earnings.
We use as our outcome variable combined earnings in the thirty months after treatment.
Using treatment assignment as an instrument for program participation, we find that assignment to treatment increased the probability of treatment by 62.3 percentage points (from
a baseline of 1.1 percentage points). Assuming monotonicity, the LATE for this combined
sample of men was $2,287, which is significant at the five percent level. These findings are
similar to those calculated in Bloom et al. (1997) and Abadie et al. (2002).
We perform the rank similarity test under the monotonicity assumption that eligibility
did not induce any subject not to participate. Given that only about one percent of individuals in the control group participated, this seems like a very reasonable assumption.
Monotonicity allows us to use Abadie’s κ-weighting method to estimate the conditional
distribution of ranks among compliers. Thus, strictly speaking, the test here tests for rank
similarity among compliers. Since rank similarity among compliers is a necessary condition
for overall rank similarity, it remains a valid test.
Examining Figure 10, we see how the distribution of ranks differ in the control complier
distribution according to prior earnings. We see that high prior earnings is associated with
a strong shift to the right in the rank distribution. This demonstrates that our rank shifter
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has strong statistical power, making it more likely that we can detect deviations from rank
similarity.
Figure 11 shows estimated rank distributions of subjects with low prior earnings in treatment and control distributions. We would expect these to be very similar if rank similarity
holds. We see that the distributions do look quite similar. Figure 12 also suggests that
the treated and control distributions appear similar for subjects with high prior earnings.
Together, this graphical evidence suggests that we are unlikely to be able to reject the null
hypothesis of rank similarity.
We test this explicity by estimating equation (2) via a κ-weighted regression. The
estimates of this regression are found in Table 2. In the first column, our rank shifter
is a binary variable that takes on a value of one if the subject had above median prior
earnings and zero otherwise. In this specification, the main effect of above-median prior
earnings is 0.174, which implies that workers with above median earnings in the prior
year are located approximately 17 percentage points higher in the control distribution than
workers with below median earnings. This provides strong numeric evidence regarding the
power of our rank shifter. The estimated interaction between treatment and above-median
earnings is -0.028 and statistically insignficant. Together α2 and δ suggest that high prior
earnings increased subjects’ rank in the treatment distribution by only 15 percentage points.
However, the difference between the treatment and control group is not large enough for us
to reject the null hypothesis of rank similarly. The standard errors are small enough that
we would have been able to detect a significant difference if the effect of high prior earnings
for the treatment group was more than 25 percent larger or smaller than for the control
group. Column 2 shows very similar results when the rank shifter is a continuous measure
of prior earnings. Collectively, the evidence does not suggest that the null hypothesis of
rank similarity should be rejected.
Given that rank similarity holds, we can use Chernozhukov and Hansen to estimate the
effect of treatment on the quantiles the outcome distribution. In Figure 13, we report the
estimated treatment effects for each quantile. We see that the treatmente effects appear
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very small for the bottom quantiles in the outcome distribution. However, the relationship
is upward sloping with economically and statistically significant benefits accruting to the
higher quantiles of the outcome distribution. For quantiles above the median, the effect
of treatment appears to increase earnings by between two and six thousand dollars. If in
addition to assuming rank similarity, we are further willing to assume rank invariance, these
estimates can be interpreted as the treatment effects for individuals in those quantiles. Integrating across the quantiles, we obtain ATE, which is estimated as $2,135 with a standard
error of $1,210. This estimate is very similar to the LATE reported above.
Our test of rank similarity suggests that individual ranks in the treated and control distribution are shifted (in distribution) in the same way by prior earnings. This is consistent
with the assumption of stochastic increasingness in that increasing the rank in the control
distribution is associated with improvements in the expected rank in the treated distribution. If one is willing to assume stochastic increasingness, using the method outlined by
Frandsen and Lefgren (2015), one can bound the expected treatment effects for each level
of the control outcome. One can also bound other features of the treatment effect distribution, such as the probability that an individual would be harmed by treatment. In Figures
14 we see bounds on the average treatment effect by quantile of the control distribution.
We see that both upper and lower bounds are strictly above zero for the lowest quantiles.
However, as the quantiles increase the lower bound becomes increasingly negative. The
upper bound tends to be stable at about $20,000. Examining the bounds on the fraction
of participants hurt, the lower bound is always zero. We see that for observations in the
bottom 15 percent of the control distribution, the upper bound probability of being hurt
is also zero. This upper bound rises, plateauing at about .8 between the 60th and 85th
percentile of the control distribution before rising again at the very highest quantiles of the
control distribution. Integrating across the pointwise bounds, we calculate bounds on the
overall fraction of individuals injured by treatment. We find that the fraction of individuals harmed by the training programs can be bounded between 0 and 46 percent. This
compares quite favorably to the classical bounds (Williamson and Downs, 1990) of 0 and
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68 percent. Finally, our test is consistent not only with rank similarity but also with the
slightly stronger assumption of rank exchangeability. Imposing this assumption allows us to
tighten the upper bound on the fraction of individuals injured by treatment to 44 percent.

7

Conclusion

This paper proposed a test for rank invariance or rank similarity in a treatment effects setting, and showed how to construct bounds on the distribution of individual-level treatment
effects when rank similarity holds. The test is based on standard least squares or instrumental variables estimation methods, and applies to exogenous and endogenous treatments.
The test is consistent and simulations show it has good size and power properties in finite
samples.
Empirical examples from job training programs and classroom interventions show rank
preservation deserves scrutiny in real-life data. Rank similarity was rejected in test scores
from the Tennessee STAR class-size experiment. The test showed that the JTPA data
are consistent with rank similarity, allowing us to identify ATE in that setting and bound
features of the distribution of treatment effects.
The proposed test should prove useful in examining the identification and interpretation
of program evaluations, clinical trials, and other treatment effect estimates. The procedure
applies to binary treatments, but the framework can be applied more generally. Specifying
the test and constructing bounds for multi-valued or continuous treatments is left to future
research.
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Appendix
The following regularity conditions, adapted from Newey (1994), are assumed in Theorem
5, proved below.
A1 (Linearization) (i) There is a function D (Ti , F 0 ) that is linear in F 0 such that for all
F 0 with kF 0 − F k small enough,


m Ti , F 0 − m (Ti , F ) − D Ti , F 0 − F ≤ b (Ti ) F 0 − F
√
(ii) E [b (Ti )] n F̂ − F

2

→ 0.
p
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2

;

A2 (Stochastic Equicontinuity)

Pn h
i=1


 R 

i √
D Ti , F̂ − F − D t, F̂ − F dP0 (t) / n →
p

0.

A3 (Mean-square Continuity) (i) There is α (Ti ) and a measure P̂ such that E [α (Ti )] =
h
i

R 
0, E kα (Ti )k2 < ∞, and for all F̂ − F small enough, D t, F̂ − F dP0 (t) =
R
R
P
√ hR
α (t) dP̂ (t). (ii) For the empirical distribution P̃ (t) = n−1 ni=1 1 (Ti ≤ t), n α (t) dP̂ (t) − α (t) dP
0.
A4 There are ε, kF 0 k , b (Ti ) , b̃ (Ti ) > 0 such that (i) for all θ ∈ Θ, m (Ti , θ, F ) is continuous at θ with probability one, km (Ti , θ, F )k < b (Ti ); km (Ti , θ, F 0 ) − m (Ti , θ, F )k ≤
b̃ (Ti ) (kF 0 − F k)ε .
A5 E [m (Ti , θ, F )] = 0 has a unique solution on Θ at θ0 , and Θ is compact.
A6 (i) θ0 ∈interior(Θ); (ii) there is kF 0 k , ε > 0, and a neighborhood N of θ0 such that
for all kF 0 − F k < ε, m (Ti , θ, F 0 ) is differentiable in θ on N ; (iii) Assumption A4 is
satisfied with m (Ti , θ, F 0 ) there equal to each row of ∂m (Ti , θ, F 0 ) /∂θ.
Assumption A1 is satisfied trivially by the moment conditions defining the least squares,
κ-weighted least squares, and instrumental variables quantile estimators proposed in Section
2, since in those cases m (·, ·, ·) is itself linear in F .
Assumption A2 is a standard stochastic equicontinuity condition that is satisfied by
sufficiently smooth moment conditions, including those proposed in Section 2.
Assumption A3 gives the conditions required of the adjustment term, α (Ti ). The adjustment term itself is a pathwise derivative of the moment condition with respect to a
parametric path through the general class of distributions to which P0 belongs. Specifically,
let the data’s joint distribution P0 belong to some family of general distributions P. Let
Pω denote a parametric family within P, with ω = 0 corresponding to the true distribution
P0 . Then as shown in Newey (1994), the adjustment term satisfies

∂E [m (Ti , θ0 , F )] /∂ω = E [α (Ti ) S (Ti )] ,
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where S (Ti ) = ∂ ln Pω (Ti ) /∂ω. The form of the adjustment term will depend on the
moment conditions corresponding to the chosen estimator for θ0 , and is derived below for
least squares and κ-weighted least squares.
Assumptions A4-A5 are standard assumptions for identification and uniform convergence of θ̂. Assumption A6 is standard for assuring asymptotic normality of θ̂.
Proof of Theorem 5. Assumptions A1-A6 together with the conditions on m stated in
the Theorem satisfy the conditions of Lemma 5.3 in Newey (1994), which establishes that

√ 
n θ̂ − θ0 converges in distribution to a normal random variable with variance V defined
√
in the Theorem. Denote An := nh0 θ̂ and Σ := h0 V h, and note that h0 θ0 = 0q×1 . Then the
continuous mapping theorem implies An converges in distribution to a multivariate normal
with covariance matrix Σ:
 √
√  0
n h θ̂ − h0 θ0 = nh0 θ̂ = An → N (0q×1 , Σ) .
d

Since Σ is symmetric positive definite, it has the Cholesky decomposition
Σ = CC 0 ,

and likewise its inverse has decomposition
Σ−1 = C 0−1 C −1 .

By the continuous mapping theorem the random vector Gn = C −1 An converges to a multivariate normal with mean 0q×1 and variance matrix C −1 ΣC 0−1 = C −1 CC 0 C 0−1 = I. But

−1
ˆ = nθ̂0 h h0 V̂ h
the test statistic ∆
h0 θ̂ = A0n Σ−1 An can be written as G0n Gn , and so by
another application of the continuous mapping theorem, it converges by definition to a χ2
distribution with q degrees of freedom.
The limiting distribution of the test statistic depends on an adjustment term α (Ti ) that
takes into account the first-step estimation of potential ranks. The following result derives
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the adjustment for the case when Di is exogenous and ordinary least squares is used to
estimate equation (2).
Lemma 6 Let θ̂ satisfy

Pn

i=1 m




Ti , θ̂, ĥ /n = 0, where m (t, θ, h) = w (h (y, d) − w0 θ),

t0 = (y, w0 )0 , and h (y, d) = FY |D (y|d) = Pr (Y ≤ y|D = d). Define g (y, d) = E [Wi |Yi ≤ y, Di = d].
Then ∂E [m (Ti , θ0 , h (Yi , Di , ω))] /∂ω = E [α (Ti ) S (Ti )] is satisfied by

α (Yi , Di ) = g (Yi , Di ) Ui − E [g (Yi , Di ) Ui ] .

Proof. Begin with the pathwise derivative of E [m (Ti , θ0 , h (Yi , Di ; ω))] with respect to a
parametric path indexed by ω:

∂ 
E Wi h (Yi , Di ; ω) − Wi0 θ0
∂ω Z Z
X Z
∂
w 1 (v ≤ y) fY |D (v|d; ω) dvf (w, y, d) dydw
=
∂ω w y
v
d
Z
Z Z X
∂
=
w (1 − 1 (y ≤ v)) fY |D (v|d; ω) dvf (w, y, d) dydw
∂ω w y
v
d
Z Z X Z
∂
=
w fY |D (v|d; ω)dvf (w, y, d) dydw
∂ω w y
d
{z
}
|v
1
Z Z X Z
∂
w 1 (y ≤ v) fY |D (v|d; ω) dvf (w, y, d) dydw.
−
∂ω w y
v
d

Since

R

v fY |D

(v|d; ω) = 1 for any path ω, the first derivative term is zero. Changing the

order of integration in the second term gives
Z Z Z
∂ X
=−
w1 (y ≤ v) fW Y |D (w, y|d) dydw Pr (D = d) fY |D (v|d; ω) dv,
∂ω
v w y
d
|
{z
}
E[W |Y ≤v,D=d]FY |D (v|d)
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which, noting that

R R
w y

w1 (y ≤ v) fW Y |D (w, y|d) dydw = E [W 1 (Y ≤ v) |D = d] = g (v, d) FY |D (v|d),

and exchanging differentiation and integration, yields

= −

XZ
d

= −

v

XZ
d

g (v, d) FY |D (v|d)

∂
∂ω fY |D

(v|d; ω)
fY |D (v|d) Pr (D = d) dv
fY |D (v|d)

g (v, d) FY |D (v|d) S (v|d) fY D (v, d) dv

v



= −E g (Y, D) FY |D (Y |D) S (T )
= −E [(g (Y, D) U − E [g (Y, D) U ]) S (T )]
= −E [α (Y, D) S (T )] ,

where S (v|d) denotes the score conditional on D = d.
The adjustment for the case when Di is endogenous and Abadie κ-weighted regression is
used to estimate equation (2) is similar except we define g (y, d) = E [Wi |Yi ≤ y, Di = d, Di (1) > Di (0)].
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Table 1: STAR Rank Similarity Test

Regressor
Constant

OLS coefficient
0.605**
(0.007)
-0.208**

Lower income

(0.010)
-0.024

Treatment status

(0.012)
(Lower income) x (Treatment status)

0.054**
(0.018)

Observations

4408

Notes: Ordinary least squares estimates and robust standard errors of
a regression of within-treatment rank on the variables in the left-hand
column.
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Table 2: JTPA Rank Similarity Test

Specification
Binary
Continuous
0.408**
0.329**
(0.014)
(0.021)

Regressor
Constant

Pre-treatment earnings rank

Treatment status
(Pre-treatment earnings rank) x (Treatment status)

Observations

0.174**

0.326**

(0.018)

(0.034)

0.019

0.014

(0.016)

(0.025)

-0.028

-0.013

(0.023)

(0.040)

4,337

4,337

Notes: Abadie-κ-weighted least squares estimates and robust standard errors of a
regression of within-treatment rank on the variables in the left-hand column. The
instrument is treatment assignment. In the Binary specification Pre-treatment
earnings rank is an indicator for whether earnings are above median.
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Marginal

Conditional on S = s
Rank Similarity Satisfied

Rank Similarity Violated

U(0)

0

1

0

1

0

1

0

1

0

1

0

1

U(1)

Figure 1: Illustrative distributions of potential ranks. The left column shows the marginal
distributions. The middle column illustrates the conditional distribution of ranks when
rank similarity is satisfied. The right column illustrates the conditional distribution of
ranks when rank similarity is violated.

33

Rejection Rate by Sample Size
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Figure 2: Monte Carlo simulation rejection rates from the rank similarity test as a function
of the sample size (x-axis). Simulation model and parameters are described in the text.
The nominal size of the tests is .05. Based on 1,000 iterations.
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Figure 3: Monte Carlo simulation rejection rates from the rank similarity test as a function
of ω, the degree of departure from rank similarity (x-axis). Simulation model and parameters
are described in the text. The nominal size of the tests is .05. Based on 1,000 iterations
with sample size n = 1, 000.
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Figure 4: Monte Carlo simulation rejection rates from the rank similarity test as a function
of the sample size (x-axis). Degree of departure from rank similarity is set at .75. Simulation
model and parameters are described in the text. The nominal size of the tests is .05. Based
on 1,000 iterations.
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Figure 5: Monte Carlo simulation rejection rates from the rank similarity test as a function
of the R2 between the rank-shifting covariate and untreated potential outcomes (x-axis).
Degree of departure from rank similarity is set at .75. Simulation model and parameters
are described in the text. The nominal size of the tests is .05. Based on 1,000 iterations
with sample size n = 1, 000.
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Figure 6: Monte Carlo simulation rejection rates from the rank similarity test as a function
of the strength of the instrument as measured by the probability of compliance to assigned
treatment (x-axis). Degree of departure from rank similarity is set at .75. Simulation model
and parameters are described in the text. The nominal size of the tests is .05. Based on
1,000 iterations with sample size n = 1, 000.
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Figure 7: Histograms of sample ranks among control subjects in the Tennessee STAR classsize experiment. Lower income corresponds to eligibility for free or reduced-price lunch.
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Figure 8: Histograms of sample ranks among students eligible for free or reduced-price lunch
in the Tennessee STAR class-size experiment. Sample ranks are defined within treatment
status.
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by Treatment Status (STAR Example)
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Figure 9: Histograms of sample ranks among higher-income students (those who do not
qualify for free or reduced-price lunch) in the Tennessee STAR class-size experiment. Sample
ranks are defined within treatment status.
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Figure 10: Histograms of sample ranks among control subjects in the JTPA experiment.
Lower prior earnings corresponds to below median.
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Figure 11: Histograms of sample ranks among low-prior-earning men in the JTPA experiment. Sample ranks are defined within treatment status.
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Figure 12: Histograms of sample ranks among high-prior-earning men in the JTPA experiment. Sample ranks are defined within treatment status.
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Figure 13: Quantile treatment effects estimates and 95-percent confidence intervals for the
effects of participation in JTPA programs on trainee earnings. Estimates employ Chernozhukov and Hansen’s (2006) procedure.
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Figure 14: Estimated bounds on the expected individual-level effect of job training by rank
in the control distribution.
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Figure 15: Estimated bounds on the probability of a negative individual-level effect of job
training by rank in the control distribution.
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